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We have extended the 't Hooft-Nobbenhuis complex transformations to include mass. Under these 
new transformations, Schrodinger, Dirac, Klein-Gordon and Einstein general relativity equations are 
invariant. The non invariance of the cosmological constant in Einstein field equations dictates it to 
vanish thus solving the longstanding cosmological constant problem. 
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lyj . Recently 't Hooft and Nobbcnhuis have introduced complex space-time transformations under which the 

P . . . 

'S ' invariance of the ground - state would associate the vacuum state to a zero cosmological constant. These 

>^' . 

r^ ' transformations are such that the space-time coordinates x^ — > ix^ . Under these transformations, the 
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Hamiltonian of a nonrelativistic particle H ^f —H and the boundary conditions of the physical states do 

not become invariant. This is because while the real part of the states goes to zero as x — >■ oo, the imaginary 
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I. INTRODUCTION 



QQ \ part doesn't. Consequently, all states except the ground state {ip{x) = const.) will break this symmetry. In 
the context of quantum theory, hermiticity, normalization and boundary conditions will not transform as in 
f~^ ' the usual symmetry transformations for a non-relativistic particle. 



In as much as in quantum mechanics energy and momentum are described by p — — iftV and E = ifi-ir, 



any coordinates transformations will inevitably transform p and E. Moreover, in relativity theory mass 

X'- 

$H ' and energy are related. Hence, the coordinate transformations will necessarily require the mass transforma- 



tions too. This latter transformations have been overlooked by 't Hooft and Nobbenhuis in their complex 
transformations. 

We argue that the inclusion of mass transformation will resolve the shortcomings of the theory pertaining 
to the hermiticity, normalization and boundary conditions. The resulting complex transformations, referred 
to the 't Hooft-Nobbenhuis mass-extended transformations, lead to interesting physics when applied to 
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Sclirodinger, Dirac, Einstein general relativity and Maxwell equations. Under these transformations, the 
hermitian operators are transformed into antihermitian operators. Moreover, the wavefunctions that are 
periodic in real spaces are also periodic in imaginary space. These pretty transformations urge us to formulate 
our laws of nature in a complex space instead of the present real space. 

II. THE MASS-EXTENDED 'T HOOFT-NOBBENHUIS TRANSFORMATIONS 

't Hooft and Nobbenhuis have recently introduced a complex space-time transformations, and identified 
it as a symmetry of laws of nature. In quantum mechanics, the space-time transformations will transform 
momentum (p) and energy (E) since the latter are expressed by 

p = -ihv, ^ = ^^§-f (1) 

From the theory of relativity, one knows that mass (m) and energy are related by 

E = mc , p = mv . (2) 

Hence, Eq.(l) and (2) wiU yield 

E = —lE , p = —ip, m = —im . (3) 

Therefore, the full complex transformations will become 

r ' = —ir, t' ~ —it , m' = — im . (4) 

We refer to these transformations as 't Hooft-Nobbcnhis mass-extended transformations. These transforma- 



tions do not alter the Einstein mass-energy equation, E ~ ^ (P-p^ + m^c^ and the Lorentz transformations. 
According to Eq.(4), one notices that 

E't' = Et, p'.r'=p-f, h' = h, c' = c (5) 

so that the wave phase does not change. This guarantees the normalization and boundary conditions of all 
physical states. Hence, Eq.(4) is a symmetry of laws of nature. 

III. SCHRODINGER EQUATION 

Applying the transformations in Eq.(4) to Schrodinger equation 



shows that Schrodinger equation is invariant provided V{ix) = —iV{x). The probabihty and current densities 
in Schrodinger forniahsm are defined by 

h 



2mi V / 

so that the continuity equation reads 



-^^-1^- 



Applying the transformations (4) in Eq.(7) yields 



j' = i J , 



p ^ip. 



(7) 



(8) 



(9) 



This implies that the continuity equation, Eq.(8), is invariant under the transformation in Eq.(4) too. 



IV. NON RELATIVISTIC PARTICLE MOTION 



Following 't Hooft and Nobbenhuis , we discuss here a one dimensional motion of a non-relativistic particle. 
Consider the Hamiltonian 

r,2 



fi = |- + vW. 



Under the transformations in Eq.(4), the above equation yields 

H' 



-^^^Vi^.)^-^(l- + Vi.)]^-^H 



where, V{ix) = —iV{x). This can be realized for certain potentials. 

If we now consider a harmonic oscillator where the Hamiltonian is given by 



1, 



H = huj (a a + — 



where 



fl 



mcj j ip 

2h V mu! 



mu! j ip 

2h V muj 



Under the transformations in Eq.(4), one has 



a — —a , 



a'+ = -a+ , 



H' = -iH . 



The state wavefunction, ipnix), which is given by 



1 /TOtJ\ 1/4 rnUJ 2x rr I / "^^ 



(10) 



(11) 



(12) 



(13) 



(14) 



(15) 



where 

H„(x) = (-l)"e- ^ (e-- ) , n = 0,l,2,... (16) 

transforms as, ip'nix) = (— 1)"\/I V'Ti(a;)- This is also consistent with Eqs.(7) and (9). Hence, the boundary 
and normalization conditions arc satisfied for all states. This is unlike the original 't Hooft-Nobbenhuis 
transformations, where these two properties of the wavefunction are lost. Moreover, the transformed energy 
and momentum operators are antihermitian. 

V. CLASSICAL SCALAR FIELD 

Consider a real scalar field $(a;) defined by the Lagrangian density 



l{d,<^)^^V{<^), V{^) = \ 



'C = -T^(a^*)^-^^($), V"(*) = -m2$2 + A$* (17) 



and the Hamiltonian density 



7{ = in2 + i(v$)2 + y($), n(a;) = ao$ (18) 

where A is a constant. Now if $(x) transforms as 

$'(x) = $(ix) = -i<^{x) ^ U'{ix) = -n(a;) (19) 

the above Lagrangian and Hamiltonian will be invariant, i.e., C = C and %' = %. Moreover, the action 
S = j Cdf^x^S'. 

VI. MAXWELL EQUATIONS 

Defining the electromagnetic tensor F^y as [3] 

F^, = d^^A, - d,A^ (20) 

Maxwell equations read 

d^.F^" = /^o J" , a^i^.A + ^,Fx^, + dxF^, = . (21) 

Under the transformations in Eq.(4), the charge {q), current (/) and vector potential A^ transform as 

q' = q, l' = -il, J^^ = ~iA,,. (22) 



Therefore, the electromagnetic tensor, the charge and current densities transform as 

F'^^ = -F^,, J'^iJ, p'^ip. (23) 

Hence, Maxwell equations are invariant under Eq.(4). If we extend our analysis to Yang-Mills field, the 
Lagrangian will involve quadratic, cubic and quartic couplings of the filed A^. In this case, one has i^^^ — > 
F'll^: where 

F;, = a,,A^ - d^Al + ir'^A^Al (24) 

where /"'"^ are the structure constants, we will get an invariant Lagrangian, since 

K^'^-K^- (25) 

VII. QUANTUM ELECTRODYNAMICS-QED 

The QED Lagrangian density for a free particle with rest mass t/iq is given by [2] 

/: = ift7^7'^D^V-"ioCi?^- Ji^^.F'^" (26) 

where D^ = dfj. — *f ^^ • This Lagrangian is invariant under Eq.(4) and (17), viz., C ~ C, provided that 
■0 ' -0' = iipipj where we have assumed -f'^ =7^. This can be satisfied if ^' = yiip and t/j' = yiip. This 
ushers in the direction that the probability and current density transform 'da p' — i p and J ' = i J. This is 
in agreement with the transformations in Eqs. (9) and (17). 

VIII. GENERAL THEORY OF RELATIVITY 

Einstein equations for general relativity are [4] 

R^.•^-\R9^.. = 8^TGT^,. (27) 

The particle equation of motion is given by the geodesic equation 

^ + r>-u^ = o (28) 

where T'^^ are the Christoffcl symbols, t and u'^ are the proper time and velocity, respectively. Under the 
transformations (4), Eq.(28) yields 

Kx' = -^^'ix- (29) 



Using the transformations in Eq.(4), one finds that 2| 

where pm is the matter density and G is Newton constant. Hence, Einstein general relativity equations are 
invariant under the transformations in Eq.(4). However, the existence of the cosmological in the Einstein 
field equations will violate the invariance. The way out of this is that the cosmological constant must be 
zero. Thus, the vanishing of the cosmological constant is thus because its existence violates the symmetry 
defined in Eq.(4). But if the cosmological constant has to be present in the Einstein field equations, it must 
change sign under the transformations in Eq.(4). In this case, the Einstein field equations are invariant. 
This global invariance is a quite interesting merit that the original 't Hooft- Nobbcnhuis transformations 
had wished for. Hence, the reason for the vanishing of the cosmological constant is now understood. 

IX. CONCLUDING REMARKS 

We have extended in this work the complex space-time transformation postulated by 't Hooft and Nobbcn- 
huis to include mass. This extended transformation remedied the problems of the original transformations. 
These transformations can be considered as special case of scale transformation. We have found n in this 
work that all physical laws arc invariant under the complex space-time and mass transformations. Hence, 
the extended complex transformations are the symmetry of laws of nature. 
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[1] H=T-i. 

[2] [G] = M'^L^T-'^ and [pm] = ML'^. 



